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Abstract 

In this report the equaticns of  mction of a satellite 

spinning around its center of mass are solved with the help 

of Lie series technique which has proved its usefulness in 

a series of problems connected with the soluticn of differen- 

tial equations in the past few years. The satellite is assumed 

to move Pn an elliptic orbit in which case the external torques 

have a more complex form than in the circular case. The ne- 

g l e c t  of several types of external forces is motivated. 



- 1  - 

1 -* ) I n t r o d u c t i o n .  

I n  Report  No.13 we der ived  e q u a t i o n s  o f  motion d e s c r i b i n g  

;he motion of  a s a t e l l i t e  about i t s  c e n t e r  of mass. I n  Report 

No.14 t h e s e  e q u a t i o n s  were so lved  by a r e c u r r e n c e  formula  t ech -  

nique under  t h e  assumption of a c i r c u l a r  o r b i t .  I n  t h i s  r e p o r t  

we s h a l l  t r e a t  e l l i p t i c  o r b i t s .  I n  t h i s  c a s e  t h e  t o r q u e s  N1, N2, 

H a r e  more complex 'than i n  t h e  case o f  t h e  c i r c u l a r  o r b i t .  3 
A 8  shown i n  Rep.13 the  g e n e r a l  expresa ion  for t h e  t o r q u e s  

i n  t h e  ( \ ,  ~ 7 ,  1 )-frame, i .e. ,  t h e  system whose o r i g i n  c o i n c i d e s  

w i t h  t h e  s p i n n i n g  c e n t e r  of t h e  body and whose : -ax is  l i e s  i n  

t h e  d i r e c t i o n  of t h e  r a d i u s  v e c t o r  from t h e  c e n t e r  o f  e a r t h  t o  

''IE s d t e l l i t e ,  i s  g i v e n  by t h e  fo l lowing  e x p r e s s i o n :  

+ m.r. 1-1 x (r .  -a x t i )  + 2miri x (q x-,) + 

1 
+ m . r  x (2 x (si x 

l-i 3 

$ h e r e  the sum i s  extended  over  a l l  mass p o i n t s  o f  t h e  s a t e l l i t e .  
- _  

C. - 
?bout  t h e  e a r t h ,  2 

is t h e  a n g u l a r  v e l o c i t y  of  t h e  o r i g i n  of t h e  ( \ , ~ , \ ) - f r a m e  

t h e  cor responding  a n g u l a r  a c c e l e r a t i o n ,  and 

- h e  t r a n s l a t o r y  a c c e l e r a t i o n  

t r a n s l a t o r y  v e l o c i t y  o f  a mass 

frame ('j , 2 , , 1 )  . F i n a l  , & means 

a c t i n g  on t h e  s a t e l l i t e ;  ri is 

o r i g i n  t o  t h e  mass po in t  mi. 

of t h e  ( \ , r , ! ) - f rqne.  xi i s  t h e  

p o i n t  m w i t h  r e s p e c t  t o  t h e  

t h e  e n t i r e t y  o f  e x t e r n a l  f o r c e s  

t h e  v e c t o r  po in t  from t h e  ();~j,f)- 

i 
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The fo l lowing  i l l u s t r a t i o n  w i l l  h e l p  t o  c l a r i f y  t h e  s i -  

t u a t  i on :  

. -  ---- _I.- 
---------- .. -.-_. 

. . .. .-. 

e a r t h ' s  c e n t e r  

We shall now d i s c u s s  t h e  i n d i v i d u a l  te rms  of  Eq.( 1 ) : 

a )  r x Gi: --i 

F i s  t h e  sum of a l l  e x t e r n a l  f o r c e s ,  w i t h  -si 

where 

Gi + E,i = F -g i 

(&i .is t h e  g r a v i t a t i o n a l  f o r c e  due t o  an  e x a c t l y  s p h e r i c a l  

e a r t h ;  

shaps.; g means. g x a v i t a t i o n a l )  . 
The forces  F2( drag  f o r c e ) ,  F3( r a d i a t i o n  p r e s s u r e )  

sun)  9 F 5 ( g r a v i t y  o f  moon) and F (magne t i c  f . i e l d ,  edfc.:y c u r r e n t ,  6 
e t c . )  a r e  n o t  cons ide red  i n  t h i s  r e p o r t .  

i s  t h e  c o r r e c t i o n  due t o  dev ' ia t ions from s p h e r i c a l  4 i 

F ( g r a v i t y  o f  4 

As was shown i n  Report. 1 3 ,  t h e  t e rm xi x xgi due t o  t h e  
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g r a v i t a t i o n a l  f o r c e  r e a d s  f o r  c i r c u l a r  and e l l i p t i c  o r b i t s :  

f o r  bo th  c i r c u l a r  and e l l i p t i c  o r b i t s ,  i n  t h i s  r e l a t i o n  we have:  

where f is t h e  g r a v i t a t i o n a l  c o n s t a n t  and mE t h e  ma86 of  t h e  e a r t h .  

- 
b ) r  m . r  x a = 0 i f  we assume t h a t  t h e  o r i g i n  o f  t h e  (r,",,f)- 1-i 

frame i s  t h e  mass c e n t e r  o f  the body 

C ) k  m i-i X (& X &  )'; = 0 f o r  a c i r c u l a r  o r b i t  
i 1, 

+ *)  - &  ( k i  + li 2 2 
P 

f o r  an e l l i p t i c  o r b i t  

f o r  a c i r c u l a r  o r b i t  

f o r  an e l l i p t i c  o r b i t .  
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I 

+ m.k 1- lL3.2y1\i 

f o r  bo th  c i r c u l a r  and e l l i p t i c  

o r b i t s  ( f o r  all t h e s e  r e l a t i o n s  

see  Report 1 3 )  

The e q u a t i o n s  t o  be s t u d i e d  have t h e  fo l lowing  form: 

'r 

1 c  LI ( - 7  + B2Z2 - c 2 B1) - f2cCz (B1 + B2)  + -- 
O b  I1 b + 

. I  

N2 h + -  
I 2  

h' = f2b6(-Blc  -2 + B2c 2 ) + .fscE (B1 + B 2 )  - 
I... 

r -2 27 *I - 
'- b t >  !l + B,c - B2c I + z% (B1 + B2) CC + - c - 

I1 

and 

2 .. .. = $ 2 BjcE + d 2 cc (.-B3b2 + g2(B1 + B2)) + ( 1  + b2B3( c - 
7 

- E 2 ) )  + t2(B,E2 - c 2 B ) + g;jbcc (B1 + B2)  + 
1 

+,$; B2E2 - B I C  - 1 )  ,. ?; 6 + 2 - -  N1 - _ - -  c% N2 6 ( I C )  
2 

I1 * b I2 b I 3  

where yt ,x,> are the E u l e r i a n  a n g l e s ,  N .  t h e  e x t e r n a l  t o r q u e s ,  and 

che Bi a b b r e v i a t i o n s  f o r :  
1 
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T1 2 

I 2  13  

T 
- %, B2 =A, B3 = - B1 - I1 

The Ii a r e  t h e  main moments of i n e r t i a ,  Bi ,  I i 9  T i j  a r e  c o n s t a n t s  

2 
and T i j  = Ti - Tj , where TI  = XI dm, 1 = 1 , 2 , 3 ,  X1 a r e  t h e  

c o o r d i n a t e s  f i x e d  wi th  r e spec t  t o  t h e  body. 

A s  shown i n  Report 13 ,  t he  a ,  b ,  c ,  g, 6,  c a r e  t r a n s c m d e n t a l  

f u n c t i o n s  of t h e  E u l e r i a n  angles forming t h e  components o f  

matrix A which t r ans fo rms  from t h e  body-fixed (X, Y, Z )  t o  t h e  

r i g i d  r o t a t i n g  (\,)j,!, ')-system, i . e . :  
1 

I \ 

\ 
- 

ca - c a s ,  -%a5 c c a ,  ab  /-- 
i -_- 

A = I Ea + tag, cab - c a ,  -ab 

w i t h  

- 
a = cos 9 , ii = cos 3, c = c o s z  

( 3 )  

( 4 )  

The t o r q u e s  Ni a r e  g iven  by: 

2 
N2 =(J (3a 

N3 =-a ( 3 a j l a 3 2  - a21a22) T12 + 2b-)(-Tla2182 + T2a2281) + N3€ 

- a21a23) T31 + 2L.J(Tla2103 - T a 6 ) + N2e 31 &33 3 2 3  1 
2 

where- t h e  N i e  ar.e t h e  a d d i t i o n a l  terms due t o  ( 5 )  o r b i t  e l l i p t i -  

c i t y ,  such t h a t  

N 1 = N  I C  '+ N l e  

2c + N2e N = N  2 ( 5 4  

3e N3 = N j c  + N 



where I I c "  means "c i rcu lar t1  and t t ~ l l  " e l l i p t i c " .  

The a d d i t i o n a l  terms Nie are given by:  

T ) +  + 2 ~ -  ( a l l A l l T 1  + a12A12T2 + a 13"13 3 

+ 2~ (a31A31T1 + . .  a T + a A T + 33 3 3  3 ~ 32.'32 2 

T ) -  
. 2  2 

- ' -3  ("jlT1 + a33 3 

- 2c.) ( a  21 21 T 1 + a22?i22T2 + a *3%3T3) + 

+ 21-> (a l l&, ,T1 + a12?i12T2 + . a l3'1jT3) + 

, 

+ 2 ~ 1  (a l1& 11 T 1 + a,*A12T2 + a 13'13 T 3 ) + 2 c ~  ( a 3 , & 3 , T ,  + 
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The time d s r i v a t i v e  of t h e  t r a n s f o r m a t i o n  matr ix  is g i v e n  by: 

-cbS - cb6; 

-T o r d e r  t o  app ly  L i e  s e r i e s  formalism we now r e p l a c e  t h e  system 

( 1  a, b ,  c )  of t h r e e  sehond-order d i f f e r e n t i a l  e q u a t i o n s  by t h e  f o l -  

2 0wir.g system of  s i x  f i r s t - o r d e r  d i f f e r e n t i a l  e q u a t i o n s :  

= f j  - - } n . d  + } nidji 
.. - - 
‘j - 2 j + 3  1 ji 

c 

. he re  xe have used t h e  fo l lowing  d e s i g n a t i o n s  and a b b r e v i a t i o n s :  



c - u -  

3 
4 U = z ’  1 ’  2 

4’ 5’ = 26 ‘a 

?‘h~ dij a r e  g i v e n  by.: 

d l l  = - c’C (B1 + B 2 )  

1 -2  2 
d13 = - ~j (B2c 

d 

- c R1 - 1) 

= - c C ~  (a1 + B2) 
14 . I( 

1 c  
. d16 = 7; b 

- 

d22 = c‘C (B1 + B;) = -d 1 1  

11 

= bE (-B1c 

d = -d 
2 3  

-2 2 
+ B2c ) 

- d 2 4  

d 2 7  - I2 

C - -  
’ d26 - I~ 

C - - -  

d = - d 1 4  
31 

32 b 
1 2 

b 2 

d 

d33 = T  (B2C2  - B,c  - 1 )  

= -  ( 1  + b B3 ( c 2  - ‘ C 2 ) )  

(7 )  

( 9 )  
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cE(-B b2 + B2(3, + B ~ ) )  3 d34 = 

d = B c ~  35 3 

- 

' - ~ e  fo rma l  s o l u t i o n  of t he  system i s  g i v e n  by: 

(12) 

~ J O R  cds a t t empt  t o  d e r i v e  r e c u r r e n c e  formulas  connec t ing  h i g h s r -  

- " o w r s  of t h e  D-operator  wi th  lower ones; f o r  t h i s  purpose 

,et u r i t e  De+*z i n  t h e  fo l lowing  form: 
U 

DQ+2z =' D Q ( D  2 z i )  = DQf = D Q (  x- 5 nidji + 2, _B iiidji) = 

i i = l  i= 
i 

Q-J1 3, - Q-j, 
= 2 (:,) j D J 1  niD d j i  + D  n i D  d j i ]  = i J 1  =O 

+ u - j ,  
D 

- 
cc  (14) 
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ts,'i;cre j6  f j 5  - 1 ,  j q  - j 5  - 1 - j 6  4 Q, j5  - j, - j6 Q (17 )  

4 J 4  
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1 -1 
2 l1 -1 -2- 11-1 1 11-1-1 

l2 l2 = 5  
b = D (Lz, - )  I ,) ( j~ 2 i ; ~  

1 -1 - 1 2 -  7- l1 l1 l2 
C 

l1 
D = D ( E ; )  = L-- (1 ) D  c D 

19 2 L 

- D c :  s e e  (16)  

J 3  75 D i;: s e e  ( 1 9 )  

1 

D 3 c 2 = D ( c c ) =  ? l 1 ) D  c D  2 c (26) 
l1 -1 11 -1 l1 

12 2 

l 1  q - J l  - j  

1 

c: see (16 )  

D J 3  y 1 : see ( 2 0 )  
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u - J ~ - J ~  c2 
D : see ( 2 4 )  

Q-jl -3 
D c2:  SEE ( 2 6 )  

u - j ,  - S € €  (20 )  b '  D 

v J l  - 1  Q-J Q - j  J 3  Q-Jq 
D ( h a )  = ) ( ' )  D 'ijD ( c ' d )  

J 3  
-. 

J ,  

Q-J1 - 
D CC: S E ~  ( 1 5 )  

Q - J l  1 DQ-Jl  - c 
d16 = il b D 
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J 

-2 
D c : s e e  (24)  

24 b :  see  (21)  

J -3 
D 5 :  s e s . ( 2 1 )  

Q-J 
-t : see (20) b D 
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D j 3  E :  s ~ e  (16 )  

D u 3  b: SEE ( 2 1 )  

Q-3,  - j  
c 2 :  SEC- ( 2 6 )  

- f! 

D 
-3,  



- - - 1 5  - 

J 3  D b: E E ~  (21)  

Q-J1 -J 
D c2: see  ( 2 6 )  

Q-J ,  i; 
D 5: see (19) 

c - J l  G - j l  Q-j, --2 

Q - J ,  

d34 : D ---------- 
(ccb2)  + B I D  (ccb ) + 34 = -B3D 

D d 

I l2 11-1 

2 b  3 b 2 = c  ( , ) D  bD 
, 2 2 



e-Jl  
35 : u-J l  Q-J1 

D d - - - -- --- -- 
d = B3D ( c E )  S E E  (15 )  35 D (55)  

J 3  6 D 5 : see  ( 1 9 )  

1 

L1 E :  S E E  ( 1 6 )  
J1  

The  recurrence formulas for D 

l o g y  to the expressions presented abovs .  

D Ni: 

Ni ( i = l  , 2 , 3 )  can be d e r i v e d  i n  ana- 

j l  

J l  + 2 3 T 3 D  ( a  8 ) 
2 3  2 



4 

J -J ,j4 E :  see (16), D b :  see ( 2 1 )  

J 3  a = D J3  (:a + c.5) = D J 3  ('.a) + D J 3  ( ca6 )  (66)  2 2  

(69)  24 
2 l1 -1 l 1  - D a = - D  

j -j 
:5 a: see (69 ,70 ) ,  D " 6: s e e  ( 2 1 )  
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j - j  - j  
DJ' a:  see  ( 6 9 , 7 0 ) ;  ' D b :  s e e  ( 2 1 )  ( 7 4 )  
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26 - J - j  
D c :  see (16 ) ;  D ' b: see  

4 J 4  

,j4 e:  see (16)  
j, 2 e 

z5  D ' 

n 

+ 

a3 3 

j - j  ,j4 c :  see ( 1 6 ) ;  D '' b: see  ( 2 1 )  

J i - J 3  
D 

J 3  
I) a2 

J3-J4 
D 

: see  ( 6 6 )  

j 4  j3 - J4  
a21D 

(93)  

( 9 4 )  

(95)  

(96)  



J q  - 
= D a21 ( c a  + cgi;) = 

J 4  

b :  s e e  ( 2 1 )  
-l2 

C :  see  ( 1 6 ) ;  D 



- - 2 1  - 

, 

I 
J l - j j  

: see (89); D a32: see (63) 3 3  
a31 

j l  -jj 
8,: S€€ (101) (1 15) D J 3  see ( 6 6 ) ;  D 

The above recurrence formulas are i?entical with those of the circular or- 

bit, In the case of elliptic orbits additional recurrence formulas have 

to be derived for the expession TglIVil:(i = 1,2,3) 

I 
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I n  t h i s  c a s e , e s s e n t i a l l y  f o r  t h e  fo l lowing  e x p r e s s i o n s  r e c u r r e n c e  

formulas have t o  be d e r i v e d :  

J l  J l  2 
D (aikdln) and D a ik ,  

where i ,  k ,  1, n = 1,  2 ,  3 

4 2 D aik: ------- 
j ,  ,+ j, 3, J l - J 2  a 

i k  D .aik = /  (J2) D 'ik D 
J 2  

f o r  aik, however, r e c u r r e n c e  formulas  have a l r e a d y  been 

de r ived .  

J 3  - - 
5 

J 3  a 
D 11  = D - caz4 - ca6z6 - c a h 4  + cabz ) t 

= -D J 3  ( c L 6 )  - D J 3  (Caz4) - D J 3  ( ; ah6)  - 

J 3  
5 

- D J 3  (ca6z  ) + D (cabz  ) 
4 

, j5  c :  see ( 1 6 )  
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. 

D j 4 -  “ 5  a: see  ( 6 9 )  

D j 3  

D J 4  

D J >  - C :  S E E  (16)  

J4 

D J4 (Ea )  

J 5- 

~4 5,: 

D c :  see 

j -3 

. .  

s e e  (68) 

( j  J 4  1 
5 

j5- 9 -J 
D c D  4 5 a  

J 5- 
D b: see ( 2 1 )  a.s.0. 

J 3  a j 
In ana logy  t o  D 3g1, r e c u r r e n c e  formulas  f o r  D In 

(1, n = 1 ,2,3) can be d e r i v e d .  

. 



Conclusion. 

I n  t h e  p r e s e n t  c a l c u l a t i o n s  we n e g l e c  Led t h e  c o n t r i b u t i o n s  

of F p  (d rag  f o r c e ) ,  F 3 ( f o r c e  caused by r a d i a t i o n  p r e s s u r e ) ,  *4 
and F 

t h e  moon, r s s p s c t i v e l y )  and som6 a d d i t i o n a l  f o r c e s ,  which may 

i n f l u e n c e  t h e  motion of t h e  s a t e l l i t e  (magnet ic  f i e l d ,  eddy 

c u r r e n t ,  e . t  . c * ) .  If F2 and F 3 

( f o r c e s  caused by t h e  g r a v i t a t i o n a l  f i e l d  of  t he  sun  and 5 

a r e  holornorphic,  r e c u r r e n c e  f o r -  

mulas  can a l s o  be d e r i v e d  f o r  t h e s e  f u n c t i o n s ( u n d 6 r  c e r t a i n  con- 

d i t i o n s  at  I s a a t ) .  The f o r c e s  F 

gy t o  t h e  f o r c e  F 

and F can bs t r e a t e d  i n  ana lo-  . 4  5 

&e 

As mentioned i n  Rep.14, p o s s i b l y  r e c u r r e n c e  formulas  are - 
no t  the most u s e f u l  t o o l  f o r  numer ica l  computa t ions .  We have, 

however ,  e u c c e s s f u l l y  used such fo rmulas  f o r  v a r i o u s  problems 

/1-4, 6-7/, but  t h s r s  a r e  h i n t s  t h a t  a n o t h e r  i t s r a t i v e  method 

(devsloped by H.Knapy /5/) i s  more advantageous i f  h i g h  accu racy  

is r e q u i r e d .  
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